ABSTRACT This paper proposes a new traffic assignment model, named an N -path logit-based stochastic user equilibrium (NPSUE), which considers not only road users' perceptual errors in path choices, but also users' heterogeneity that allows the numbers of the limited path sets for each user to be different. The property of the N -path user equilibrium (NPUE) proposed in Dung-Ying Lin (2014) is first reanalyzed, and then the optimization program for the NPSUE models as well as the property of the optimal solution are explicitly discussed. For each type of users, the NPSUE assignment results are consistent with the logit-assignment results in their limited path set. Both the NPUE and NPSUE models are tested in three road networks: an simple grid network, Nguyen and Dupuis' network and Sioux Falls network. The numerical results show that (1) the NPUE can be equivalent to the UE under certain conditions, although the users don't have full information on the available paths; (2) the proposed NPSUE may provide an ideal equilibrium state for both system managers and road users; (3) the provision of appropriate path guidance information is beneficial to both system managers and road users; otherwise, the provision of excessive information may decrease the performance of the road network, and (4) under the NPSUE conditions, the provision of excessive information may decrease users' satisfaction.
I. INTRODUCTION
User equilibrium (UE) and system optimum (SO) models are two classical traffic assignment models, which satisfy Wardrop's first and second principles (Wardrop [1] ), respectively. In the UE model, the travel time of all the used paths between any given OD pair are equal and less than those of the unused paths. In contrast, the SO model requires road users to work cooperatively in order to minimize their overall cost (or travel time). Thus, the competitive and cooperative interaction between system managers and road users can be interpreted as a game.
Two assumptions for the UE model are as follows. The first assumption is that road users have full information about the available network paths. The second assumption is that road users can potentially use any path if the currently used path is overly congested. The homogeneity and rationality of the assumptions apparently and greatly reduce the practicability of traffic assignment and/or degrade the accuracy of predicted flow patterns. Therefore, various paradigms are proposed to address the issue. One of the well-known models is stochastic user equilibrium (SUE) that was first defined in Daganzo and Sheffi [2] . In the SUE model, it states that no road user can reduce his/her own perceived travel cost by unilaterally changing paths. In essence, the SUE model is proposed by relaxing the second assumption above. It is a more general statement of equilibrium compared with the UE. In other words, the UE is a particular case of the SUE, i.e., when the variance of travel time perception is zero, the SUE is identical to the UE. Moreover, two stochastic models are also of particular interest, i.e., the probit model (Daganzo and Sheffi [2] ; Sheffi and Powell [3] ) and the logit model (Dial [4] ; Fisk [5] ; Chen and Alfa [6] ).
Besides, the first assumption for the UE model may be not realistic, i.e., each road user may not be aware of all the alternative paths. To overcome the issue, Jahn et al. [7] constructed a system optimum approach honoring the individual needs by introducing the normal length of a path. Then the path-guidance system was studied from a theoretical perspective by Schulz and Stier-Moses [8] , where the unfairness of different users was measured. Jiang et al. [9] presented a distance-constrained user equilibrium assignment model. This problem represents a simplified case of traffic networks that carry electric vehicles with various distance limits. In practice, the route distance limit may be only one of many factors, which is proposed from the perspective of the topological structure of road network. More generally, an N -path user equilibrium (NPUE) model based on limited path sets, was defined by Lin and Leong [10] , in which each road user has only N paths to select. Zhang and Yang [11] proposed an inertial user equilibrium (IUE) as is compatible with the standard user equilibrium and extends UE with heterogeneous route choice inertia patterns, as well as its variational inequality formulation. Furthermore, the IUE model is identical with the original UE model when the inertia pattern contains all paths and the corresponding probability equals 1, in other words, all users have complete path information. One assumption of the IUE model is that the probability distributions of inertia patterns are known. Instead, the limited path set proposed in Lin and Leong [10] can avoid discussing the probability problem, which can be obtained by questionnaire method in a sense.
Therefore, to relax the unrealistic assumptions discussed above, this paper proposes a new traffic assignment model, named an N -path logit-based stochastic user equilibrium (NPSUE) based on limited path sets, which considers not only road users' perceptual errors in path choices, but also the users' heterogeneity that allows the numbers of the limited path sets for each user to be different. What's more, by numerical results, we find that the NPUE can be equivalent to the UE although the users do not have complete path information.
Since Beckmann et al. [12] first devised a set of nonlinear programming formulations for the traffic assignment problems with Wardrop's first and second principles, various types of traffic assignment models have been developed in past decades. Those traffic assignment problems were written as optimization programs (e.g., Hearn [13] [29] ), or fixed-point problems (e.g., Patriksson [30] ; Cantarella [31] ; Daganzo [32] ; Bellei et al. [33] ; Bar-Gera and Boyce [34]).
In this paper, we mainly focus on the construction of an optimization program for the NPSUE model, the property of the optimal solution, and the analysis of the equilibrium state, rather than its solution method. The solution of the NPSUE model will be studied for further research.
The rest of the paper is organized as follows. In Sections II and III, the notation used in the paper and the original N -path user equilibrium model are introduced, respectively. In Section IV, the process of the users' choices under the NPUE is stated when the original assumption is relaxed. On the basis, the NPSUE is proposed in Section V, and its optimal condition are explicitly analyzed as well as the solution uniqueness. In Section VI, two evaluation indexes for the models are presented from the perspectives of system managers and road users. In Section VII, the NPUE and NPSUE models are tested in three road networks and the numerical results are analyzed. The conclusions and suggestions for future research are summarized in Section VIII.
II. NOTATION
A a set of all links, ∀ a ∈ A. R a set of all origin points, ∀ r ∈ R. S a set of all destination points, ∀ s ∈ S. K r,s a set of all paths between OD pair (r, s), free-flow travel time of link a.
Assumption 1: t a (x) is only related to x a , and is strongly monotone and continuously differentiable with respect to x a .
Assumption 2: there is at least one path between every OD pair.
III. BACKGROUND: THE NPUE MODEL
This section briefly introduce the NPUE model and its optimality conditions proposed in Lin and Leong [10] , which are backgrounds of the paper.
Remark 1: For convenience, we use ''users p'' to represent ''the pth type of users'' for every OD pair.
An NPUE can be expressed as the following minimization program: k,p are the associated Lagrange multipliers corresponding to the constraints in (P1). Then two theorems about the optimality conditions for the NPUE model can be written as follows. 1 Lemma 1: If the objective function is strictly convex and the feasible region is convex in (P1), the program (P1) has only one solution.
Theorem 1: The optimality conditions for the NPUE model (P1) are given as follows: 
IV. PROPERTY OF THE NPUE WHEN AN ASSUMPTION IS RELAXED
The NPUE model is solved in Lin and Leong [10] under the assumption that the number of paths in the limited path set is the same for all users. Obviously, the assumption neglects users' heterogeneity. This section discusses the property of the NPUE when the assumption is relaxed, which is a basis of proposing the NPSUE. and less than those of the unused paths, and no road user can unilaterally change paths in his/her own limited path set to reduce his/her travel time. Therefore, the solution of the NPUE satisfies the UE principle in the limited path set. Moreover, for any two types of users, if there is at least one same path being used, the travel time of these two types of users will be equal. The properties will be further demonstrated in the numerical examples given in Section VII.
Next, we restate the process of the users' choices under the NPUE by using a simple example. Consider a network containing only one OD pair with two parallel one-link paths (Sheffi and Yosef [35] ) and the following travel time functions:
where h 1 and h 2 are the flows of paths 1 and 2, respectively.
Assume that the OD demand is 10, and the UE can be transformed into the following optimization problem:
The solution of the UE model is h 1 = The traffic can be assigned in the following two different ways, given different (q 1 , q 2 ).
(1) Supposing that (q 1 , q 2 ) = (3, 7), we have that (h 12 , h 22 ) = (7, 0) and t 1 = 9. Then all the users II will choose path 2, i.e., (h 11 , h 21 ) = (0, 3), because t 2 = 7 < t 1 . Therefore, the final assignment result is h 1 = 3 and h 2 = 7.
For the NPUE model, since h 1 = h 11 + h 12 = h 11 + 7, it follows:
Because 0 ≤ h 11 ≤ 3, the minimum of z is obtained at h 11 = 0. The resulting path flow is h 1 = 3 and h 2 = 7.
(2) Supposing that (q 1 , q 2 ) = (5, 5), we have that (h 12 , h 22 ) = (5, 0) and t 1 = 7. If all the users II choose path 2, we can get t 2 = 11 > t 1 . As a result, some users would turn to choose path 1, making the travel time of paths 1 and 2 be equal.
Since h 1 = h 11 + h 12 = h 11 + 5 and h 2 = h 21 + h 22 = 5 − h 11 , we have
Since t 1 = t 2 , we obtain that h 11 = Because 0 ≤ h 11 ≤ 5, the minimum of z is obtained at h 11 = To give more general conclusions, we divide all the road users into three categories denoted by I, II and III, and the corresponding path sets are given by:
I: {1, 2}; II: {1}; III: {2}.
Similar to the discussion above, we randomly generate the numbers of three types of users, and obtain the corresponding assignment results in Table 1 .
From Table 1 , it can be found that users I all choose path 2 in Cases 1 and 2, and path 1 in Cases 3 and 4. In other cases, the assignment results are equivalent to the UE. The general results are presented in Proposition 1 as follows.
Proposition 1: Let the OD demand be q (q > 1 2 ) and the numbers of three types of road users be (q 1 , q 2 , q 3 ), then
(
and (3) In other cases, the solution of the NPUE is h
3 ), which is equivalent to the solution of the UE.
Proof: (1) The solution means that both users I and II choose path 1, and thus the travel time on path 1 must be less than that on path 2. We only need to prove that
(2) The proof can be given similar to (1) . (3) For the NPUE model, it means that both paths 1 and 2 are used by users I; in other words, h 11 > 0 and h 12 = q 1 − h 11 > 0. According to the equilibrium condition, we have
In addition, by following the UE principle, we have
Therefore, h 1 = 2q−1 3 and h 2 = q+1 3 . From the analysis above, it can be concluded that the NPUE solution for the simple example satisfies the property proposed above. The solutions and findings from Proposition 1 are shown in Fig.1 , where we find that the NPUE is equivalent to the UE under certain conditions, although some users don't have full information on the available paths. The probability that the NPUE is equivalent to the UE is 2q 2 +q−1 9q 2 , which increases first and then decreases as the demand q increases.
V. N -PATH STOCHASTIC USER EQUILIBRIUM MODEL
Traditional SUE model requires that the flow on each path is positive. However, in the scenario that each road user has a limited path set, the flows on some paths may be equal to 0. Thus, we propose an improved objective function, and the resulting NPSUE model is given in (P2) as follows. 
A. OPTIMALITY CONDITIONS FOR THE NPSUE MODEL
In this section, we focus on the optimality conditions for the NPSUE model. According to the form of the objective function and the second constraint, it is obvious that the nonnegativity of the path flow is true. Similar to the NPUE, we obtain the following Lagrange function of the NPSUE model (P2): can be derived as follows:
(2) Therefore, by combining (1) and (2), the optimality conditions for the NPSUE can be written as: 
Because of Equation (3), we conclude that the NPSUE optimal solutions are consistent with the logit-assignment solutions in a certain sense. The assignment result of users p between the OD pair (r, s) can be calculated by
which can also be written as
Finally the flow on path k between OD pair (r, s) can be calculated using h 
Then we obtain the second order partial derivatives as follows:
It can be concluded that the Hessian matrix of the objective function is positive definite, because each diagonal element is positive and all the other elements are equal to 0. Therefore, the objective function is strictly convex with respect to (h, x) (note that h only contains h r,s k,p that satisfies τ r,s k,p = 0). It is evident that the feasible region is convex, because the constraints are in linear forms. Therefore, the solution of the NPSUE model is unique with respect to path flow and link flow (h, x). VOLUME 6, 2018 
VI. TWO EVALUATION INDEXES FOR THE NPUE AND NPSUE MODELS
Generally speaking, traffic assignment models should be evaluated from the perspectives of system managers and road users, corresponding to Wardrop's first and second principles, respectively. Therefore, we introduce the following two evaluation indexes as well as their calculation formulas. 
VII. NUMERICAL EXAMPLES
In Sections III and V, we discuss the rules of traffic assignment in a fixed traffic environment, which can be regarded as an ideal travel status. But how to achieve the standard UE or SUE state may be a more meaningful topic for managers. Therefore, in order to explore the process, we analyze some numerical results in a variety of cases below.
Note that all models are solved using the command ''fmincon'' (the interior-point algorithm) in Matlab optimization toolbox, and the initial path flow is obtained by using average assignment.
A. EXAMPLE 1: A SIMPLE ROAD NETWORK
Consider the road network in Fig.2 , where there are 9 nodes and 12 links. The link travel time is calculated using the 
Bureau of Public Roads (BPR) function:
where t a0 and C a are the free-flow travel time and the saturation flow on link a, respectively. Assume that C a = 100 for all links; for link 7, 8 and 9, t a0 = 1; for the remaining links, t a0 = 2. Let α = 0.6 and β = 4 as usual. Assume that there is only one OD pair from node 1 to node 9. Then we can enumerate all paths between the OD pair and calculate the free-flow travel time of each path as shown in Table 2 . Generally, road users are familiar with the shorter-traveltime paths and like to choose them. Thus, τ 
1) ANALYSIS OF THE NPUE SOLUTIONS FOR EXAMPLE 1
Assume that the OD demand is 100, and randomly generate the numbers of three types of road users. It is found that the NPUE is equivalent to the UE in any case and all users are concentrated in paths 1, 3 and 5. The reason is that those three paths are all contained by their limited path set for any type of users. In other words, the numbers of different types of users and the unknown paths 2 and 4 have no effects on the NPUE solution.
We next discuss the influence of unknown paths and OD demand on the assignment results under the NPUE. To the end, we test the different cases with various ratios of the numbers of users I, II and III, i.e., p 1 : p 2 : p 3 ; see Table 3 for the example values. (1) Keep users' limited path sets in (S1) unchanged, and change OD demand q. To evaluate the influence of traffic demand on the NPUE solution, two variables are introduced as follows.
• p NPUE⇔UE : the proportion that the NPUE collapses into the UE.
• t avg : the average user travel time of the whole network. The values of p NPUE⇔UE and t avg under different q are given in Fig.3 and Table 4 . From Fig.3 and Table 4 , it can be seen that the NPUE is equivalent to the UE when q is not very great (e.g. q < 230), i.e. the unknown paths and the ratio of the numbers of different types of users do not affect the solution of the NPUE. Nevertheless, when q exceeds a certain value (e.g. q ≥ 230), p NPUE⇔UE is a ladder decreased function of q and t avg of the NPUE are greater than those of the UE, meaning that the NPUE may provide an undesirable state for system managers and road users when q exceeds its threshold. In order to improve the state, system managers may release more guidance information; for example, inform all or a part of users and help them to know some of their unknown paths. The way to achieve a satisfactory state for both system managers and road users depends on the amount of guidance information and the number of users received the information.
To clear see the assignment results for all users when the NPUE is equivalent to the UE, we list the path flow and the corresponding travel time of the NPUE under three of the five cases given in Table 3 , when q = 150 (see Table 5 ).
From Table 5 , it can be seen that the path travel time of the NPUE under different cases are the same as that of the UE, while the path flows are different. In addition, we calculate the corresponding link flow, which is presented in Fig.4 . The identical link flow for different cases (illustrated by the overlap of the symbols for different cases in Fig.4 ) further verifies the conclusion, i.e., the uniqueness condition holds with respect to link flow, but not to path flow.
(2) Keep OD demand unchanged (q = 100), and change the unknown paths of users.
• Assume that the unknown paths are paths 2 and 4, and the corresponding limited path sets are given as I:{1, 3, 4, 5, 6}; II:{1, 2, 4, 5, 6}; III:{1, 4, 5, 6}, (S2) Then the UE state is obtained in Cases 2, 3, 4, and 5 rather than Case 1, turning out that the ratio of each type of users significantly influences on the assignment results.
• Assume that the unknown paths are paths 3 and 6, and the corresponding limited path sets are given as I:{1, 2, 4, 5, 6}; II:{1, 2, 3, 4, 5}; III:{1, 2, 4, 5}, (S3) Then the NPUE solutions under the five cases that are presented in Table 3 are different from the UE solution, turning out that the unknown paths also have a great effect on the assignment result.
In addition, the NPUE assignment results, under Case 4, Case 5 and the UE and under the assumption given in (S3), are listed in Table 6 . It shows that the NPUE solution does not reach the UE in Cases 4 and 5, but it satisfies the equilibrium state of the NPUE that is proposed in Section IV. Specifically, in Case 5, users II choose path 3, whose travel time is less than those using other paths 1, 2, 4 and 5; users III choose paths 1 and 5 with the same and minimum travel time, and the travel time of other paths (paths 2 and 4) are longer than the minimum time. It is also found that the average user travel time of the road network is less than that under the UE in all cases, and thus the NPUE may provide an ideal travel state for system managers.
2) ANALYSIS OF THE NPSUE SOLUTIONS FOR EXAMPLE 1
Assume the limited path sets given in (S1), and in the SUE and NPSUE models, further assume that θ = 0.5. The corresponding results are listed in Table 7 , which shows that when q = 100, the average user travel time of the NPSUE VOLUME 6, 2018 under different p 1 : p 2 : p 3 is less than that of the SUE. In Section VII-A.1, the size relationship between the average travel times of the NPUE and the UE has been analyzed. This subsection further analyzes the relationship for the NPSUE and SUE. To the end, the average user travel time of the UE, NPUE, SUE, NPSUE and SO with different traffic demands are calculated and summarized in Table 7 .
Remark 2: Table 7 presents the mean values of many experiments under different p 1 : p 2 : p 3 for the NPUE and NPSUE.
From Table 7 , it can be concluded that:
(1) The unknown paths have a great effect on the assignment result of both the NPUE and NPSUE.
(2) If the limited path sets (e.g. (S1), (S2) or (S3)) are fixed, the average user travel time of the NPSUE may change within the following three ranges compared with the NPUE. Range-1: when the demand is smaller, the NPSUE is worse than the NPUE (For example, in Table 7 , when q = 50, 6.7755 (NPSUE) > 6.2250 (NPUE) under (S1)); Range-2: with the increasing demand, the NPSUE is superior to the NPUE (For example, in Table 7 , when q = 100, 7.1183 (NPSUE) < 7.8285 (NPUE) under (S1)); Range-3: when the demand exceeds a certain threshold, the NPSUE becomes worse than the NPUE again (For example, in Table 7 , when q = 250, 14.1233 (NPSUE) > 13.6415 (NPUE) under (S1)). It is attributed to the increase of the users' incomplete 20978 VOLUME 6, 2018 information and perception errors along with the increase of the demand. Obviously, the NPSUE can provide system managers with an ideal state in Range-2. But in fact, system managers only need to pay attention on Range-3, because there may be no congestion in a road network within Range-1.
(3) When the demand is in Range-3, it is found that the average user travel time of the UE is the shortest, implying that the NPUE and NPSUE may provide unfavorable traffic states for both system managers and road users. Therefore, from this point of view, system managers may need to release a certain amount of guidance information to improve the situation, which we will further discuss using a multiple OD network in Section VII-B.
(4) The results of comparing the NPUE with UE and the NPSUE with SUE are similar to those of comparing NPSUE with NPUE mentioned above.
To validate the property of the NPSUE solution proposed in Section V, two extreme cases are selected, each of which has the largest and smallest average user travel time, respectively. The NPSUE solutions are presented in Table 8 , as well as the logit-assignment solutions that are calculated by using the logit assignment with the path travel time. Obviously, the two solutions are equal. One common conclusion is also found for any user type, i.e., the bigger the path flow, the smaller the path travel time. The conclusion is consistent with practical situations.
In addition, θ , the aggregate measure of the user's perception of travel time, is also an important parameter for better understanding the SUE and NPSUE models. Taking q = 100 as an example, the changing trend of t avg with respect to θ is presented in Fig.5 . It can be seen from Fig.5 that the average user travel time of the road network is closely related to the user's perception of travel time, and t avg first decreases and then increases with the increase of θ . 
B. EXAMPLE 2: NGUYEN AND DUPUIS' NETWORK
To get more general results, this subsection applies these models in a more complex network with multiple OD pairs; it is the well-known Nguyen and Dupuis' network, as shown in Fig.6 . There are four OD pairs, 1-2, 1-3, 4-2, 4-3, and the numbers of paths between the four OD pairs are 8, 6, 5 and 6, respectively; see Table 9 . The link travel time is also calculated using the BPR function and the link attributes are given in Table 10 .
Based on the UE assignment results under different demands, we select the possible unknown paths for each OD pair as follows: 1-2: {3, 7, 8}; 1-3: {10, 14}; 4-2: {16}; 4-3: {21, 22}.
Then the corresponding user types and the limited path sets between each OD pair are given in Table 11 .
1) ANALYSIS OF THE NPUE SOLUTIONS FOR EXAMPLE 2
For convenience, suppose that the number of each type of users is the same for each OD pair. If the OD demands are (400, 300, 200, 300), we can obtain the size of each type of users is 100, and the UE and NPUE solutions are shown in Fig.7 . VOLUME 6, 2018 It can be seen from Fig.7 that the path flows are different, while the link flows are equal, indicating the NPUE is equivalent to the UE here. It also verifies the conclusion that the uniqueness condition holds with respect to the link flows, but not path flows.
To analyze the impact of the distribution of various types of users on the results, we change the number of the users between OD pair 1-2 to (20, 80, 100, 200) , and the results are presented in Table 12 .
Although the path flows are different in the two cases, the link flows are equal, i.e., the NPUE is equivalent to the UE, turning out that the NPUE can collapse into the UE under certain conditions, even if the road users only make choices based on their limited path sets. For example, the users' unknown paths are not used in the assignment results of the NPUE and UE, such as paths 3, 7 and 8.
From Table 12 , it is found that the mostly used paths are paths 1 and 5. In the following experiments, we replace the 20980 VOLUME 6, 2018 , q 1,2 4 ) = (100, 100, 100, 100). unknown path 3 with path 1 (Case 1) or path 5 (Case 2), and the corresponding limited path sets are given similar to Table 11 . The results are shown in Table 13 and Fig.8 .
Remark 3: In Table 13 , t avg represents the average user travel time of the whole road network.
In Case 1, path 6 is not in their choice sets of users 1, 2 and 4, and they have to choose other paths. As a result, most or all users 3 tend to choose path 6 for the shorter travel time. The similar result is still valid for Case 2. Fig.8 shows that the assignment result is equivalent to the UE in Case 2 rather than Case 1. In fact, the main reason is that there are too many users who are not aware of path 5 in Case 1 shown in Table 13 . Therefore, to make the result of Case 1 evolve into the UE, we inform path 5 to the users. For example, take the following two strategies: FIGURE 9. The results of the UE and NPUE between OD pair 1-2 using strategies 1 and 2.
• Strategy 1: informing path 5 to users 1; • Strategy 2: informing path 5 to users 1 and 2, and resolve the NPUE model; see Fig.9 for the results. Fig.9 shows that the result of the NPUE still does not reach the UE, although Strategy 1 is implemented. However, by comparing Fig.8 with Fig.9 , it is noticed that the difference between the NPUE and the UE is shortened. In contrast, the NPUE can collapse into the UE with the aid of Strategy 2. However, t avg in the cases with Strategies 1 and 2 are equal to 64.2150 and 64.4707, respectively, implying that Strategy 2 is not an effective strategy for system managers. Therefore, it is concluded that the average travel time in the evolution from the NPUE to the UE decreases first, then increases with the growth of the number of the users who are aware of path 5.
The turning point in this evolution can be regarded as one Nash equilibrium point between system managers and road users.
2) ANALYSIS OF THE NPSUE SOLUTIONS FOR EXAMPLE 2
Assume θ = 0.5, and set the number of each type of users to be 100. The limited path sets are presented in Table 11 . The assignment results of the users between OD pair 1-2 can be obtained by solving the NPSUE model; see Fig.10 for the results. It is evident that the NPSUE solutions are still consistent with the logit-assignment solutions, as is proposed in Section V. We calculate the average user travel time with the UE, NPUE, SUE, NPSUE and SO, called Result 1 and presented in Table 14 . Other results are obtained by implementing the following strategies. From Result 3, where the unknown path 3 is replaced with path 6, in Table 14 , it is found that the average user travel time of the NPUE (66.0650) and NPSUE (65.6769) increase sharply and are greater than those of the UE (64.4707) and SUE (63.4745), respectively. At this time, it is necessary for system managers to release guidance information in order to improve the situation; Results 4, 5 and 6 in Table 14 show the effect of such releasing. To make clearer observation, the corresponding results are shown in Fig.11 , and the variance of user travel time is presented in Fig.12 . Fig.11 shows that the SUE and NPSUE are respectively superior to the UE and NPUE for system managers, but are inferior for road users. The average user travel time of the NPSUE in Result 3 greatly increases due to the fact that path 5 has become the unknown path of some users. Fig.12 shows that the variance decreases in the process transferring from Result 3 to Result 6 for both the NPUE and NPSUE. It means that the users can easily make the best choices if they have more information regarding the road network. From  Fig.11 , it is found that the average user travel time of the NPSUE decreases, in the process transferring from Result 3 to Result 6; in other words, the operation efficiency of the road network increases, along with the growth of the number of the users who are aware of path 5. In contrast, for the NPUE, t avg decreases first, and then increases, meaning that the release of excessive information may decrease the overall system performance under the NPUE state. In fact, these different assignment models are defined by the characteristics of users. Therefore, in order to improve the performance of a road network, system managers should make appropriate guidance strategies according to the characteristics of users.
C. EXAMPLE 3: SIOUX FALLS NETWORK
To validate the conclusions mentioned above and find more properties, we apply the two models to the Sioux Falls network, as shown in Fig.13 .
Assume that C a = 1200 for all links and the values of t a0 are given in Table 15 .
In this example, we assume that there are four OD pairs, 1-18, 1-20, 13-7 and 13-1. First, we use depth-first search method to get all the acyclic paths between each OD pair. Then the free-flow travel time of each path is calculated and the paths are sorted on this time. Finally we choose several paths with less time, and the corresponding numbers of paths between the four OD pairs are 13, 18, 18 and 21, respectively. For each OD pair, the unknown paths are all paths 1 and 6 and the users are divided into three categories.
1) ANALYSIS OF THE NPUE SOLUTIONS FOR EXAMPLE 3
Similar to Example 2, suppose that the number of each type of users is the same for each OD pair. If the OD demands are (900, 900, 900, 900), the size of each type of users is 300. The NPUE solutions between OD pair 1-18 are shown by Case 1 in Table 16 .
Remark 4: The model is still solved using the command ''fmincon'' in Matlab. But we may need to increase the value of the parameter ''MaxFunctionEvaluations'' for the increase in the number of variables. And we find that the optimal solution can be obtained as long as the number of iterations is large enough.
In Table 16 we list only the used paths' information, as it is in Tables 17 and 18 . It can be found that the assignment result does not reach the UE, but satisfies the property of the NPUE proposed in Section IV. Then inform path 1 to users 1 and the corresponding result is given by Case 2 in Table 16 , which is still not reach the UE. Therefore, we continue to release information, that is informing path 1 to part (50 and 100) of users 3. And the corresponding results are listed by Cases 3 and 4 in Table 17 .
From Case 4, it is concluded that the assignment result of the users between OD pair 1-18 reach the UE. At this point, we should note that not all users have complete information about the paths, so it can be said that the NPUE may also reach the UE under the limited path sets. What's more, an interesting phenomenon is that the release of information only for the users between OD pair 1-18 may also induce the UE state of other OD pairs (1-20 and 13-7), as shown in Table 18 .
2) ANALYSIS OF THE NPSUE SOLUTIONS FOR EXAMPLE 3
Under the same initial conditions mentioned in Section VII-C.1, the solutions of the NPSUE are shown in Fig.14 , where it is evident that the solutions are still consistent with the logit-assignment solutions, as is proposed in Section V. And the average user travel time of the NPSUE (26.3356) is greater than that of the SUE (26.1578), therefore it is necessary to release information for system managers.
Similar to the analysis in Section VII-C.1, we only release information for the users between OD pair 1-18 and observe the influence on the average travel time t avg and users' dissatisfaction, s 2 , that is the variance of the road network. The corresponding results are shown in Table 19 . The conditions of Results 1, 2, 3, 4 and 5 are the numbers of users who are aware of path 1 are 300, 600, 700, 800 and 900 respectively. The conditions of Results 6, 7, 8 and 9 are the numbers of users who are aware of path 6 are 200, 400, 500 and 600, respectively, under the assumption of Result 5. In fact, Result 9 corresponds to the condition that all users between OD pair 1-18 have complete path information. From Table 19 , we find that the average travel time of the road network decreases with the increase of users' information about paths, which is a desired result for system managers. However, users' dissatisfaction decreases with the increase of the number of users knowing path 1, but increases with the increase of the number of users knowing path 6. The reason may be the release of information about one new path leads to an increase in users' perceptual errors under NPSUE conditions.
VIII. CONCLUSION AND FUTURE RESEARCH
This paper proposes a new stochastic traffic assignment model, named an NPSUE model with the limited path sets. The NPSUE model is much closer to the actual traffic situation, because it is proposed under the assumption that the users are bounded rational and have imperfect information.
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The new equilibrium states, i.e., the properties of the users' distribution, are introduced by analyzing the optimal conditions of the NPUE and NPSUE. In addition, through the results of several numerical examples, we obtained the following important conclusions:
(1) The NPUE can be equivalent to the UE under certain conditions (defined by the distribution of each type of the user, the size of demand, for example), although the users are not aware of all paths.
(2) For each type of users, the NPUE assignment results satisfy the UE principle, and the NPSUE solutions are consistent with the logit-assignment solutions in their limited path set.
(3) The average user travel time of the NPSUE varies in three different ranges compared with the NPUE. The NPSUE can provide an ideal travel state under certain conditions for both system managers and road users. However, it may decrease with the increasing demand. At that time, in order to improve system efficiency, system managers may consider releasing guidance information, such as informing some critical paths to all or a part of the users. Nevertheless, it is worth noting that too much information may also decrease the system performance under certain conditions.
(4) With the increase of information released, the average travel time of the road network may decrease, but the dissatisfaction degree of users may increase under the NPSUE conditions (see Table 19 ).
(5) The users' unknown path (e.g. the paths with relatively large flow in the solutions of the UE or SUE) and the ratio of each type of users have great imapct on the assignment results of the NPUE and NPSUE, which may provide a theoretical basis for the study of path guidance.
The future studies could be conducted along the following directions. First, more numerical experiments could be carried on in a more complex road network, in order to better verify the conclusion proposed in this paper. Theoretical proof could also be investigated if possible. Second, describing the macroscopic state of a road network using the proposed the traffic assignment models may be interesting. Meanwhile, it may deserve more study on the process that road users are aggregated into an ideal macroscopic state by releasing proper guidance information under the condition of the limited path sets. Third, solution methods of the new models can be discussed. Finally, an extension would be exploring the NPUE and NPSUE models with elastic or stochastic demands under dynamic traffic conditions. 
